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Measure of Controllability for Actuator Placement

Youdan Kim* and John L. Junkinsf
Texas A&M University, College Station, Texas 77843

A new measure of controllability for linear time invariant dynamical systems is introduced. The controllability
measure is designed especially to guide the placement of actuators to control vibrating structures. An example
is presented, and the design of optimal feedback control laws for each of several actuator configurations supports
the practical value of the new controllability measure.

Introduction

T HE problem of choosing actuator locations for the con-
trol of large flexible space structures is an important area

of current research. When the fundamental role played by the
actuator location is recognized, it is natural that the problem
of placing actuators be considered simultaneously with the
quest to define meaningful measures of controllability (MOC).

Viswanathan et al.1 and Lindberg and Longman2 present a
definition of a degree of controllability and apply it to opti-
mize actuator placement. For the purpose of model reduction,
Moore3 introduces an internally balanced system by using the
singular values to define measures of nearness to rank defi-
ciency of the controllabilty and observability grammians.
Based upon this approach, the smallest singular value of the
controllability grammian (of Moore's balanced system) can be
taken as the MOC. Skelton and DeLorenzo4 and Skelton and
Chiu5 apply input (output) cost analysis, which assigns each
actuator's (sensor's) contribution in the system performance
to select the best set of actuators (sensors). Hamdan and
Nayfeh6 propose a new measure of modal controllability by
using the generalized angles between the left eigenvectors of
the system matrix A and the columns of the input influence
matrix B for the system described by the triple (A ,B, C). They
also show that their measure has interesting connections with
Longman's degree of controllability and is also related to the
singular values of Moore's balancing method.7 Hamdan and
Nayfeh's easily computed measure provides us with useful
information on each mode's controllability. Our analytical
and numerical studies indicate that Hamdan and Nayfeh's
measure is among the most attractive of the modal control-
lability measures available in the literatures.

In this paper, we extend Hamdan and Nayfeh's measure by
introducing a new controllability index that combines their
controllability ideas with modal cost analysis.8'9 Our index
addresses simultaneously the physical importance of each
mode along with its degree of controllability. To evaluate the
usefulness of the proposed new index, we design two sets of
controllers—one set using symmetric output feedback10 and
another set using the linear quadratic regulator approach.
Each set includes controllers for 10 different configurations
(that is, 10 different actuator locations for the same structure),
and we compare the results of the 10 pairs of controllers to
judge the merits of the proposed new index.

Measure of Modal Controllability
Consider the linear dynamical system in the state-of-space

form
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x = Ax + Bu (1)

where x €/?", u £Rm, and A and B are real matrices with
appropriate dimensions.

It is well known that the Popov, Belevitch, and Hautus
(PBH) eigenvector test11 is useful to test the modal control-
lability of the system, Eq. (1). The PBH eigenvector test speci-
fies that any column vector bj of input matrix B cannot be
orthogonal to the ith left eigenvector qf of A if the /th mode
of the system is controllable. Unfortunately, the information
from the PBH eigenvector test is a binary Yes/No type. By
introducing a geometrical interpretation of the PBH eigenvec-
tor test, Hamdan and Nayfeh6 proposed /th mode's gross
measures of controllability p/ as follows:

(2)i\\2

When we compute the measure of controllability, we should be
careful dealing with the coordinate transformation. Since
these measures are invariant only under orthonormal coordi-
nate transformations, the measures should be used consis-
tently only after all transformations, including scaling, have
been carried out.

The least controllable mode is often considered to be critical
for the controllability of the system (by examining the defini-

tion of the degree of controllability for modal systems1).
Analogous to using the smallest singular value as a measure of
controllability in the balancing approach,3 we could conjecture
the following rule: "The smallest value of the gross measures
of modal controllability PJ is the controllability index for the
given system." This rule, while perhaps intuitively appealing,
is definitely false for most practical applications. Consider a
system for which the kth mode of the system is the least
controllable, then the £th mode's gross measure of control-
lability pk (i.e., the minimum pk) would be taken as the sys-
tem's controllability index if we use the above rule. However,
if the kih mode does not participate significantly in the impor-
tant physical outputs of the system, then using only the con-
trollability of the fcth mode to characterize the system control-
lability is clearly not suitable. Therefore we need an index that
incorporates more information to measure the controllability
of the system properly. Some measure of the relative impor-
tance of each mode vis-a-vis this mode's contribution to the
system performance is recommended to weight the modal con-
trollability measures. The most appealing approach is to com-
bine the modal cost ideas of Skelton8 and Skelton et al.9 with
the modal controllability ideas of Hamdan and Nayfeh.6 We
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develop this approach in the following sections and define a
new measure of controllability.

Modal Cost Analysis
The scalar function

yT(t)Qy(t)dt

is widely used as a measure of system performance where the
vector y(t) is composed of those output error variables that are
of importance to the designer. The unit impulse response with
zero initial condition is also commonly used to discuss the
transient response of the system. By considering the above two
observations, we can take the cost function that represents the
system performance as follows:

/=! JO
y'dT(t)Qvy*d(t)to

(3)

where x'(t) is the response due to the unit impulse input
!/,(;) = 6(0 (with Uj(t) = 0, i*j) applied at t=0 with zero
initial conditions, Qv is a weighting matrix, and Cd is defined
sothatyd(t) models an important output for the design objec-
tives.

The developments leading to a modal decomposition of this
cost function have been derived by Skelton.8 We may use the
contribution of each modal state variable to the cost function
as a measure of that mode's relative importance in the system
performance. The cost function F and the contribution Vx. of
the state variable #/ in the cost function Fcan be computed as
follows8:

(4)

(5)

where tr { } denotes the trace (diagonal sum) of the matrix { },
and X is the controllability grammian that satisfies the follow-
ing Lyapunov equation

(6)

What we really need is each mode's contribution to the cost
function, which is called the modal cost. When the modal
coordinates are used as the state vector, it is obvious that each
state's contribution becomes the modal cost. For a formula-
tion of the system dynamics that uses physical or configuration
coordinates in the state vector, on the other hand, the modal
cost can be obtained via a modal coordinate transformation.

For a system having a given actuator placement configura-
tion, we can determine each mode's gross measure of control-
lability and modal cost by using the results presented previ-
ously and in the current section. In the following section, we
address the issue of how to combine the modal cost with the
gross measure of modal controllability to define a new mea-
sure of controllability for the purpose of deciding where to
place the actuators.

Output Measure of Controllability
for the Second-Order System

In the study of vibrating mechanical systems, we usually
encounter a system of n second-order equations of the form

MX + Cx + Kx = Du (7)

where x GRn and u $Rm are configuration and control vec-
tors, respectively, M is an n x n positive-definite symmetric
mass matrix, C is an n x n positive-semidefinite symmetric

structural damping matrix, K is an n x n positive-semidefinite
stiffness matrix, D is an n x m control influence matrix, and
(*) represents differential with respect to time.

In the previous section, we mentioned that the MOC is
generally variant under any coordinate transformation that is
not orthogonal. We need to choose the coordinate system to
discuss controllability. When modal coordinates are used, two
well-known benefits are realized: 1) the computational pro-
cesses become simplified, and 2) each state's contribution to
the cost function corresponds to the modal cost. In addition,
order-reduction procedures can be used to limit the discussion
to a finite number of most important modes. We will use the
modal coordinates for all subsequent discussions.

To perform the modal coordinate transformation, the fol-
lowing open-loop eigenvalue problem should be solved first12:

/ = 1,2,... ,n

with the normalization equation

We introduce the modal matrix

and the general modal coordinate transformation is

where ij(t) is the n x 1 vector of modal coordinates.
The Transformed equation of motion becomes

= Du

(8)

(9)

(10)

(11)

(12)

where

The diagonal structure of C requires that C be a linear combi-
nation of M and K (see Ref. 13 for more general condition).
We make this restriction for the sake of convenience. The
results developed for computing Hamdan and Nayfeh's con-
trollability measures are directly applicable to the second-or-
der representation, Eq. (12). These are reported in Ref. 6.

For control applications, the system dynamics are usually
modeled in first-order differential equations. Let us introduce
the 2n dimensional modal state vector

(13)

Using Eq. (13), Eq. (12) can be written as the first-order system

Z = Az + Bu (14)

where

A = (15)

The right and left eigenvalue problems [associated with
z =pext solutions of the open-loop system in Eq. (14)] are

Right: / = 1,2,. .., (16a)
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Left: /= 1,2,...,2/i (16b)

where the conventional normalization14 of the biorthogonality
conditions for the eigenvectors are adopted as

/= 1,2,...,2/i (17a)

. i f y = l , 2 , , . . , 2 / i - (17b)

i,y = l,2,...,2/1 (18)

We adopted the weighting matrix as follows:

Cv = (21)

so that

By introducing the modal coordinate transformation, the vec-
tor yd(t) becomes

Cc(o
(22)

The gross measure of modal controllability can be obtained by
using Eq. (2) with the above left eigenvectors and B matrix in
Eq. (14).

To evaluate the modal cost for the system, we take the
following system performance [Eq. (3)] as the cost function

(19)

Therefore matrix Cd in Eqs. (4-5) must be replaced by Cdrt to
evaluate the total cost and modal cost in the modal coordinate
system. Since modal coordinates are used, we can take advan-
tage of the analytical solution of the 2n x 2n Lyapunov equa-
tion, Eq. (6), available in Ref. 9:

/=! JO

where yl
d(t) is the output response due to the unit impulse input

Ui(t) = d(t) [with t/,(0 = 0, i*j] applied at f = 0 with zero
initial conditions, and

(20)

Note that by taking a suitable Qv weighting matrix, yd(t)
becomes a vector of physically important variables.

* =

where the elements of n x n block matrices are

(23)

(24a)

i,j= 1,2,...,n
(24b)

The structure is a 5* x 5* grid cut from a single sheet of 1/8" aluminum; it is clamped and mounted in a vertical plane.

Three reaction
wheels with co-

Fig. 1 Texas A&M structural control test article.
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i,y = 1,2,..., n
(24c)

with

A = (o>2 -o>y
2)2

Note that the /th mode's modal cost consists of two parts: the
modal cost of the /th mode's displacement and the modal cost
of the corresponding mode's velocity, that is,

K, (25)

where F,- is the ith mode's cost and TJ, is the modal coordinate,
^u— is ~~A is can be obtained by substituting Eqs.These V1ti and

(21-23) into Eq. (5) as follows:

(26a)

(26b)

By judicious selection (problem dependent, obviously) of the
physically important variable vector y<i(t)9 the modal cost
Vi in the cost function V represents the contribution of the
ith mode. Thus the normalized modal cost (Yt/V) provides a
measure of each mode's relative importance in the system
performance. We conjecture that the normalized modal
cost (Vi/V) is precisely the measure of importance needed
to weight the modal controllability measure of Hamdan
and Nayfeh.

In view of the preceding considerations, we introduce the
following new index as a measure of controllability:

n V-E 1 i
, - iK"

(27)

where a is a new controllability index, Vf the ith mode's com-
ponent cost in the cost function F, and p/ the ith mode's gross
measure of modal controllability from all inputs [Eq. (2)].
Qualitatively, this new index represents a measure of "output
controllability" that measures both modal controllability and
the modal participation of all modes in the physically impor-
tant cost function.

In the following section, we design two controllers (with
several actuator configurations) for an example flexible struc-
ture and use the results to evaluate the utility of the new index.

Numerical Examples
To study the utility of the new index proposed in the previ-

ous section, two controllers 1) a robust output feedback con-
troller,10*15 and 2) a linear quadratic regulator have been de-
signed for the example flexible structure. We compare the
results of these controllers (for several actuator configura-
tions) with the new controllability index.

We adopt as an example, a 60 degree-of-freedom model of
a grid structure.15 A finite element analysis of the grid was
performed. Nodes were placed at each of the 20 joints on the
grid, and each substructure of the grid was modeled using
beam elements. Three degrees of freedom (one normal dis-
placement, a transverse rotation, and a vertical rotation) ap-
propriate for motion normal to the nominal plane of the grid
were considered for each node. Figure 1 shows the flexible grid
experimental configuration. The material properties for this
model are listed in Table 1.

Feedback control torques are provided by three reaction
wheel actuators. The actuator axes (about which control
torques are applied) lie in the plane of the grid as indicated by
the arrows in Fig. 1. The actuators have approximately a 60 Hz
bandwidth and ±20 oz-in. (±0.1412 N-m) saturation. The
grid angular displacement and velocity are measured about the

same axes with solid-state sensors. These sensors have a DC to
100 Hz bandwidth accurate to ±0.001 deg and ± 10~5 rad/s.
The particular position and orientation of the sensors and
actuators shown in Fig. 1 represent one (configuration 6) of
the 10 configurations that will be discussed. To avoid disrup-
tion of the symmetrical property of the grid structure, only
symmetrical locations and the direction of the actuators are
considered in the present discussion, the admissible actuator
locations considered are the 20 grid locations, and the torque
axis of each actuator is permitted to be either vertical or hori-
zontal. The locations and the torque directions of the
actuators of 10 configurations are displayed in Fig. 2. In all
cases, the actuator torque axis and the active sensor axis are
collocated as accurately as possible. We present only numeri-
cal studies in the present paper. A future paper will address
experimental issues and further analytical/numerical/experi-
mental results.

For high-order systems such as a flexible structure, it is
usually desirable and often necessary to develop a reduced-
order model to save on computational time when designing
control laws. A high-order model is generally retained to verify
the resulting design. Modal truncation method is used to ob-
tain a reduced-order model for the current design process. In

Table 1 Material properties of grid model
El 3255.2 Ib X in.2
GJ 4943.0 Ib X in.2
pA 0.0000648 Ib x s2/in.2
pj 0.0000217 Ib x s2

9.34982 N x m2

14.18550 N x m 2

0.44678 kg/m
0.0000965 kg x m

•tf

Fig. 2 Ten sets of actuator locations.
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this example, we simply adopted the first 10 lowest frequency
modes. The order reduction process is not central to this dis-
cussion, although it is important that a good reduced-order
model be used to obtain practical results efficiently. Since the
controllers are designed by using the reduced-order model,
there are no additional difficulties introduced by using a re-
duced-order model to evaluate the new index. Some physically
important variable vector is selected to construct the cost func-
tion. For this simple illustration, the normal displacement
(perpendicular to the grid plane) of the lower left corner is
taken to

Table 2 Measure of controllability (output feedback controller)

Control Design 1: Symmetric Output Feedback Design
For the preceding model, we apply a symmetric output feed-

back controller10'15 design method to move the system's first
three modes to a desired region of the left half plane and,
subject to this condition, minimize a robustness measure (e.g.,
the sensitivity of the eigenvalues with respect to variation of
uncertain parameters). For the measure of sensitivity, we use
the condition number of the closed-loop eigenvector matrix.

The symmetric or structural output feedback form of the
control law (collocated sensors and actuators) is given by

(28)

where G\ and G2 are m x m positive definite symmetric gain
matrices, and T/I is the retained subset of modal coordinates
that we are interested in the reduced-order model.

For any/all choices for the gain matrices from this stable
family (i.e., the set of all positive definite G/ matrices), asymp-
totic stability of the closed-loop system is guaranteed in the
Lyapunov sense. Of course, we do not choose the G/ at ran-
dom. Positive-definite gain matrices are parameterized by in-
troducing the Cholesky decomposition, and the gain param-
eter vector is defined as pgain> the distinct elements of the
Cholesky factors of GI and G2.10'16 With the above formula-
tion, our gain design problem becomes a nonlinear optimiza-
tion problem as follows:

Minimize JC [$c(/?gain)] (29)

subject to closed-loop eigenvalue placement constraints; for
example, we adopt the frequency constraints

wf - Ac*/ < wf < wf + Aw/, i = 1,..., 3

Aw/ = 1 percent of c*f

and the time constant constraints

where

> T- i• = 1 3^ / / , i — i,..., j

W/ (Pgain) = //»'(X/)

and JC [$c(pgain)l is the condition number of the closed-loop
eigenvector matrix, the superscripts c and o denote the closed
loop and the open loop, and Im and Re denote the imaginary
value and real value, respectively.

For this example we take the time constants as 7^=0.2,
72 = 0.2, and 73 = 0.25. The above nonlinear constrained opti-
mization problem can be solved by homotopic nonlinear pro-
gramming16'17 in conjunction with a minimum norm gain cor-
rection strategy. The computed output measures [a of Eq.
(27)] of the system controllability for the 10 different configu-
rations and the results of the controllers designed for the cor-
responding configurations are summarized in Table 2. The
configuration number is an arbitrary reference number we
assigned a priori for each configuration.

Configuration
9
8

10
4
5
6
3
2
7
1

New index (a)
0.00333
0.00234
0.00208
0.00158
0.00153
0.00130
0.00123
0.00102
0.00084
0.00078

\\Gi\\f
0.306
0.142
0.444
1.600
6.804
1.595
6.745

13.379
21.576
22.160

\\G2\\f

6.514
7.434
7.691
7.732
9.827

31.143
19.920
16.483
16.411
25.379

Cond. no.
129.864
131.611
161.167
128.707
130.363
147.774
159.009
140.672
140.715
141.402

Table 3 Measure of controllability (LQR: full-state feedback)
Configuration

9
8

10
4
5
6
3
2
7
1

New index (a)
0.00333
0.00234
0.00208
0.00158
0.00153
0.00130
0.00123
0.00102
0.00084
0.00078

\\G\\f
11.2704
10.5103
22.1138
15.1570
48.8070
96.3776
48.9767
48.8298
47.4010
47.0973

Cond. no.
128.3908
127.8386
131.9951
129.2909
140.6412
144.0756
135.9563
135.6727
135.7873
135.7440

In the previous section, the output measure of controllabil-
ity [Eq. (27)] is conjectured to properly weigh both modal
controllability and participation in the output cost function.
That means we expect the configuration possessing the largest
index to be more output controllable than one having the
smallest index. We further expect that more controllable con-
figurations should require less energy to control the system,
and therefore we anticipate the associated optimal controller
designs to have smaller gain matrices. Based upon these heuris-
tic observations, for example, if Eq. (27) is an appropriate
measure, we should anticipate the large a designs will corre-
spond to the smaller control gains. As we can see in Table 2,
the magnitudes of the total gain norms of the first four config-
urations (configurations 9, 8, 10, and 4) are indeed signifi-
cantly smaller than those of the remaining six configurations.
In fact, designs 9, 8, 10, and 4 appear to be correctly ranked
based on the fact that decreasing a corresponds to an increas-
ing control gain norm. All of the above designs have closed-
loop modal matrices with small condition number, and are
therefore robust controllers. However, it is also significant
that the small condition numbers are negatively well correlated
with large a values. These results are consistent with our hy-
pothesis that the new index of Eq. (27) is well correlated to the
actual controllability and robustness of the system and can
apparently serve as a good indication of the desirability of a
given actuator configuration.

Control Design 2: Linear Quadratic Regulator Design
The symmetric output feedback controller used in controller

design 1 (and implicit in Table 2) is perhaps unfamiliar to
many readers. Since this is true and to confirm the usefulness
of the new index, we also designed control laws for each of the
10 actuator configurations using the well-known linear quad-
ratic regulator (LQR), and we compare the results with the new
indices as well as the symmetric output feedback designs of
Table 2. We adopted the following performance index for
LQR:

(zTQz+uTRu)dt

where we adopted the weight matrices

(30)
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Fig. 3 Closed-loop response of the flexible grid (control design 1).
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Fig. 4 Control torque input history (control design 1).
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and the scalar r is chosen to satisfy the conditions co/ ff > r/,
/ = !,...,3 with ^ = 0.2, r2 = 0.2, and T3 = 0.25.

The preceding performance index is an energy type, since the
first term and the second term in the performance index corre-
spond to the state energy and the control energy, respectively.
Note r is a tuning factor used to place the first three closed-
loop eigenvalues to satisfy the inequalities on the system time
constant. Without judiciously assigning the tuning factor r, we
cannot control the position of the closed-loop eigenvalues, and

the closed-loop performances for the different configurations
become dispersed. The results of the LQR controller designs
for the 10 configurations and the corresponding configura-
tion's new index are summarized in Table 3. Note in Table 3
that the magnitude of the gain norm of the first four configu-
rations is again smaller than that of the remaining six con-
figurations. Also note the norm of the 3x20 full-state feed-
back gain G (Table 3) cannot be directly compared to the
norms of the two 3x3 output feedback gain matrices G\ and
G2 (Table 2).

Note in Table 3 that after the first four designs (9, 8, 10, 4)
the descending order of the new index is different from that of
the magnitude of the output feedback controller, and is also
different from that of LQR. It is obvious that the two gain
optimization problems should not be expected to produce the
identical results, especially since the design of Table 2 are
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output feedback whereas those of Table 3 are full-state feed-
back. Therefore we cannot expect that the new index is one-to-
one mapped with the results of the two design methods studied
(or any other!). In view of this, the proposed new index ap-
pears to be a remarkably good measure of controllability for
the given configuration, since the results in both Tables 2 and
3 are well correlated. Notice that the first four (large a) config-
urations (9, 8, 10, 4) have the smallest gains in both Table 2
and 3 as compared to the other six designs.

Two of the 10 configurations—to illustrate the conse-
quences of using relatively good and bad configurations—were
adopted for further study. Especially configurations 9 and 6
were taken to study the closed-loop performance of both the
symmetric output feedback control (design 1) and the LQR
full-state feedback control (design 2). The closed-loop re-
sponse histories of the normal displacement to the grid plane

(at three nodes of the bottom of the grid structure) of two
configurations due to a typical set of initial conditions are
shown in Figs. 3 and 5, and the control input histories are
displayed in Figs. 4 and 6. The typical set of initial conditions
are constructed by using static loading such that the displace-
ment of the lower left corner be 1 in. (2.54 cm). The static load
is removed at the initial time. We have imposed control satura-
tion bounds (20 oz-in.; 0.1412 N-m) to keep the reaction wheel
speeds to modest levels. First, consider the symmetric output
feedback design (control design 1). Note in Figs. 3a and 3b that
the closed-loop performances of configurations 6 and 9 are
almost identical. When you study Figs. 4a and 4b, however, it
is evident by inspection that configuration 6 needs more con-
trol input energy. That is consistent with our expectation based
upon the computed output measures of controllability. We
reach the same conclusion when we compare the closed-loop

20 30
Time(aec)

20 30
Tlme(aec)

20 , 30
Time(sec)

Fig. 5 Closed-loop response of the flexible grid (control design 2).
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Fig. 6 Control torque input history (control design 2).
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responses (Fig. 5) and the control torque histories (Fig. 6) of
the LQR (control design 2). Thus we are again encouraged that
the controllability measure predicts the correct trend for the
controlled response with two distinct underlying controller de-
sign optimizations.

Conclusions
The present paper introduces a new measure of controllabil-

ity and considers its implications for actuator placement. The
proposed new index is a combination of the squares of Ham-
dan and Nayfeh's modal controllability measures weighted by
the respective modes' contributions to a quadratic output cost
function. The usefulness of this new index has been verified by
comparing the results of two control design methods for a grid
structure with 10 different actuator configurations.
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